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Abstract. We give a new more explicit proof of a result by Kalton & Lancien 
stating that on each Banach space with an unconditional basis not isomorphic 
to a Hilbert space there exists a generator yl of a holomorphic semigroup 
which does not have maximal regularity. In particular, we show that there 
always exists a Schauder basis (/m) such that A can be chosen of the form 
^(Z]m=l o-mfm) = Zlm=i '^^"■mfm- Moreover, we show that maximal regu- 
larity does not extrapolate: we construct consistent holomorphic semigroups 
(Tp(t))t>o on LP(R) for p G (1, oo) which have maximal regularity if and only 
if p = 2. These assertions were both open problems (cf. |Are04l 7.2.2]). Our 
approach is completely different than the one of Kalton & Lancien. We use the 
characterization of maximal regularity by 7?,-sectoriality for our construction. 



1. Introduction 

The generator —A of a strongly continuous semigroup {T{t))t>o on a Banach 
space X is said to have {p,T)- maximal regularity (T > 0, 1 < p < oo) if for all 
/ € L'P{Q^T\ X) the mild solution u{t) — T{t — s)/(s) ds of the inhomogeneous 
abstract Cauchy problem 

Au{t) =f{t) 
= 0. 

satisfies u e W^'P{{0,T); X)nLP{{0,T); D{A)). One can show that this property is 
independent of p € (1, oo) and T € (0, oo). Therefore one simply speaks of maximal 
regularity. 

The property of maximal regularity has attracted the attention of many mathe- 
maticians as it is a tool to solve non-linear partial differential equations by means of 
linearization and applying a fixed point theorem. It was for a long time known that 
for —A to have maximal regularity it is necessary that —A generates a holomorphic 
semigroup |Dor93[ Theorem 2.2]. Conversely, it is known that all generators of 
holomorphic semigroups on a Hilbert space have maximal regularity by a result 
of L. de Simon |dS64 '. Lemma 3,1]. Moreover, one can show maximal regularity 
for large classes of differential operators on L^-spaces, e.g. generators of holomor- 
phic semigroups satisfying Gaussian bounds. This lead H. Brezis to the question 
whether all generators of holomorphic semigroups on (1 < p < oo) have maximal 
regularity. 

Definition 1.1. A complex Banach space X has the maximal regularity property 
(MRP) if every generator of a holomorphic semigroup on X has maximal regularity. 
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Besides Hilbert spaces L°°[0,1] has (MRP) for the simple reason that every 
generator of a strongly continuous semigroup is already bounded by a famous result 
of H.P. Lotz [LotSS; Theorem 3]. In contrast, N.J. Kahon & G. Lancien gave the 
following negative answer to the maximal regularity problem in ^KLOOi Theorem 3.3] 
(extensions for UMD-spaces with finite-dimensional Schauder decompositions can 
be found in [KL021 Theorem 3.4]). 

Theorem 1.2 (N.J. Kalton, G. Lancien). Let X he a complex Banach space with 
an unconditional basis that has (MRP). Then X is isomorphic to P . 

For p G (l,oo) the Haar basis is an unconditional basis for LP[Q, 1]. Hence for 
p ^ 2 by Kalton & Lancien's result, there exists a generator of a holomorphic 
semigroup on not having maximal regularity. However, Kalton & Lancien's 
approach only yields the pure existence of such a counterexample. Moreover, on 
the basis of their arguments it seems impossible to write down a counterexample 
explicitly. In particular in this situation, the following questions remain open: 

• Does there always exist a counterexample for which the generator is given 
as a Schauder multiplier? 

• Does maximal regularity extrapolate? By this we mean the following ques- 
tion: let {T2{t))t>o and {Tp{t))t>o be consistent semigroups on and 

{p S (l,oo)\{2}) such that (T2(t))t>o is holomorphic. Does [Tp{t))t>o have 
maximal regularity automatically? 

We will give answers to these questions. Before we make some comments. Kalton 
& Lancien's proof suggests naively that a counterexample could be given as a 
Schauder multiplier with respect to the given unconditional basis. However, we 
will recall in Theorem 12.51 that the unconditionality of the basis forces semigroups 
generated by Schauder multipliers on large classes of Banach spaces, in particular 
L^'-spaces with p S (l,c»), to have maximal regularity. So a counterexample can 
only be found if the basis is conditional. 

In this paper we will give a new proof of Kalton & Lancien's result which in 
particular brings light to this phenomenon. We will use the unconditional basis to 
construct systematically a conditional one which then can be used to write down 
an explicit counterexample. 

Secondly, Kalton & Lancien's method only yields a counterexample for each 
single Banach space with an unconditional basis. In particular, it is not clear 
whether such a counterexample on an L^-space for p € (l,oo) \ {2} extends to 
a semigroup on L^. Therefore one can ask whether all holomorphic semigroups 
on (which have maximal regularity by the result of Simon) which extrapolate 
to semigroups on for p G (l,oo) always have maximal regularity for those p. 
The Stein interpolation theorem says that this question has a positive answer if 
maximal regularity is replaced by the weaker property of holomorphy. In this 
paper we will give a negative answer to this question. Indeed, our method is explicit 
enough to construct consistent holomorphic semigroups on for 1 < p < cxi such 
that maximal regularity is violated for p ^ 2. Under additional assumptions, this 
cannot happen. For example, if the semigroup satisfies Gaussian estimates and is 
holomorphic in L^, then maximal regularity extrapolates to all p e (l,oo) |HP97i 
Theorem 3.1]. 

Our alternative approach uses a characterization of maximal regularity by the 
Rademacher boundedness of the semigroup in a sector. We now introduce the 
necessary terminology. Let X be a Banach space. A family of operators T C C{X) 
is called TZp-bounded if there exists a constant Cp > such that for all n G N, all 
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Ti , . . . , T„ e T and all xi , . . . , x„ € X 



/ V'rfe(iLj)rfeXfc dijj\ <Cpi y^rfc {uj)xk 



p \ i/p 

, (1.1) 



where rfe(w) := signsin(2'^7rw) denotes the k-th Rademacher function. The closure 
of the finite Rademacher sums (as in (|l.ip ) in LP{[0, 1];^) is denoted by Radp(X). 
One can show that the norms on Radj,(X) are equivalent (the Kahane-Khintchine 
inequality) for all p g [l,oo) and consequently one writes simply Rad(X). Hence, 
7?.p-boundedness holds for some p S [1, oo) if and only if it holds for all p. We there- 
fore speak simply ofTZ-houndedness. The smallest constant such that (jl.l|) holds is 
denoted by TZp{T) and one often omits the subindex if one is merely interested in 
the finiteness of the constant. For a detailed exposition of maximal regularity and 
7?.-boundedness see |KW04| and |DHP03| . We can now give the characterization of 
maximal regularity. For this let S5 := {z € C \ {0} : |argz| < 5} denote a sector of 
angle 5 in the complex plane. 

Definition 1.3 (7?.-analyticity). Let X be a complex Banach space and —A the 
generator of a holomorphic Co-semigroup {T{z))z(zy,~^ on X. {T{z))z£y.^ is called 
TZ-analytic if there exists a 6 > 6 > such that 

n{T{z) : z e Eajzl < 1} < 00. 

Theorem 1.4. Let X be a complex Banach space and —A the generator of a 
holomorphic Co-semigroup (T(z))zgs on X. Then the following holds: 

(a) If —A has maximal regularity, then {T{z))z^y: is TZ-analytic. 

(b) Conversely, on a UMD-space X , TZ-analyticity of {T{z))zes implies maxi- 
mal regularity. 



Assertion (a) is due to P. Clement & J. Priiss |CP01[ Proposition 1] and asser- 
tion [(b) is due to L. Weis [WeiOll Theorem 4.2]. A proof of both can be found 



in |KW04| . Notice that the UMD-property is only needed in the proof of part |(b)[ 
For the definition of and details on UMD-spaces see |RdF86| and |Bur01| . We only 
remark that all L^'-spaces for p e (l,c») are UMD-spaces. 

In particular, for constructing generators of holomorphic semigroups not having 
maximal regularity it is sufficient (independently of the UMD-property) to give 
examples of holomorphic semigroups which are not 7?,-analytic. 

We outline very shortly our approach and the contents of this paper. We start by 
giving a short introduction into the theory of Schauder bases and explain how we can 
use them to construct generators of holomorphic semigroups. We then explain how 
we can associate to an 7?,-analytic semigroup a holomorphic semigroup on Rad(X), 
an idea which goes back to W. Arendt & S. Bu |AB03| . In this paper, we show that 
on Banach spaces with an unconditional basis we can construct semigroups out of 
Schauder multipliers which are holomorphic but whose associated semigroups on 
Rad(X) are not holomorphic, thereby giving our new proof of the Kalton-Lancien 
result. Before doing this in the general abstract case of a Banach space with an 
unconditional basis, we exemplify our approach for the spaces cq and Thereafter 
we will apply our abstract construction to give counterexamples on the £P-spaces. 
In this step one has to construct unconditional Schauder bases for the spaces £p 
which are not equivalent to the standard ones. This is well-known in the geometry 
of Banach spaces, but as we rely on the exact structure of this construction in the 
further steps, we will give full details. With this information in our hands, we can 
give a counterexample to the extrapolation problem for maximal regularity. 
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2. SCHAUDER MULTIPLIERS AS GENERATORS OF HOLOMORPHIC SEMIGROUPS 

For the rest of the paper we wiU only consider infinite-dimensional and complex 
Banach spaces. In this section we give the necessary definitions from the theory of 
Schauder bases and show how to construct semigroups with the help of Schauder 
bases. 

Definition 2.1 (Schauder basis). A sequence (em)meN in a Banach space X is 
called a Schauder basis if for each x € X there is a unique sequence of scalars 
(flm)meN such that 

oo 

X — ^ ^ O^m^rn- 
m— 1 

A sequence {em)meN is called a basic sequence if it is a basis for the closed linear 
span of (em)meN- The functional G X* which maps x to the unique m-th 
coefficient in the expansion of x is called the m-th coordinate functional. 

The mere concept of a Schauder basis is sometimes too general to be useful in 
practice, therefore one often considers special bases with additional properties. The 
most important example is that of an unconditional basis. 

Definition 2.2 (Unconditional basis). A Schauder basis (e„i)mgN for a Banach 
space X is called unconditional if for each a; G AT the unique expansion x = 
J2m=i°'"iem converges unconditionally, i.e. Y,m=i^Tr(m)eTr{m) = x for each per- 
mutation TT of the natural numbers. 

For unconditional bases one can show that the convergence of X]m=i o-rnGm im- 
plies the convergence of X)m=i ^mdmem for all (6m)meN G ■ The closed graph 
theorem and the uniform boundedness principle show that there exists a least con- 
stant AT > such that 



m— 1 



m— 1 



holds for all (a,„)meN for which the expansion converges and all choices of sequences 
(6m)meN with ||(fem)|loo < 1- This number is called the unconditional constant of 

(em)meN- 

It is now time to link Schauder bases with semigroup theory. 

Definition 2.3 (Schauder Multiplier). Let (em)meN be a Schauder basis for a 
Banach space X. For a complex sequence (7m)mGN the closed linear Schauder 
multiplier A associated to (7m) is defined by 

00 



>' 00 CO 

D{A) = \ x=^^ OmSm ■ ^ Tmamem CxistS [ 

^ m— 1 m— 1 ^ 

/ 00 \ 00 

aI ^ a„e,„ j = ^ 

^(rn — 1 ' 'm — 1 



The nice feature of Schauder multipliers is that they can be used to construct 
systematically generators of semigroups. The proof of the following theorem can 
be found in jVen93[ Theorem 3.2]. 

Theorem 2.4. Let (em)mGN &e a basis for a Banach space X . Let {'jm)meN be an 
increasing sequence of positive real numbers and let A be the multiplier associated 
to (7m)- Then ~A generates a holomorphic Co-semigroup (T{z))zi£^^^2 '^^'^ ^(•^) 
is the multiplier associated to the sequence (e^^'''"')meN- 



KALTON-LANCIEN REVISITED: MAXIMAL REGULARITY DOES NOT EXTRAPOLATE 5 



The situation is much simpler if the basis (em)meN is unconditional. In this case 
a Schauder multiplier is bounded if and only if the associated sequence is in . 
Hence, the multiplier associated to a sequence (— 7m)mGN generates a holomorphic 
semigroup if 7„i € for all m S N for some <5 < §. In this case one always has: 

Theorem 2.5. Let (em)mGN be an unconditional basis for some UMD-space X and 
let A be the operator associated to some sequence (7m)m6N with G for all 
771 G N for some S < ^. Then — A has maximal regularity. 

Proof. We show that A has a bounded i/°°(S;p)-calculus for ^ > ip > S. This 
implies maximal regularity by a result of Kalton & Weis |KW01[ Theorem 5.3] 
(notice that UMD-spaces have property (A)). Let / € H°°{T,^). Notice that 
f{A) is the multiplier associated to the sequence (/(7m))meN- If K denotes the 
unconditional constant of (e,„)mgN, we have 



m—1 



<K\\f\\ 



E 

m— 1 



which is exactly the boundedness of the _fr°°(E;p)-calculus of A. 



□ 



Remark 2.6. Conversely, for a conditional basis the multiplier associated to the 
sequence (2™)mGN never has a bounded i/°°-calculus as the sequence is interpolat- 
ing. We refer to |Are041 Example, p. 29] for details. Notice that this is enough to 
show that having a bounded if°°-calculus does not extrapolate: the trigonometric 
basis (e™^)mGZ on L''([0, 2tt\) for p € (1, oo) is unconditional if and only if p = 2. 
Hence, the consistent semigroups generated by 



-Ar 



OO 

E 



oo 



have a bounded i7°°-calculus if and only if p = 2. Nevertheless, these generators 
have maximal regularity |Are04[ Example, p. 31] (notice that BIP implies maximal 
regularity on UMD-spaces). There is also a positive result: as in the case of maximal 
regularity the bounded i/°°-calculus extrapolates to L'p if the semigroup satisfies 
Gaussian bounds [DR96[ Theorem 3.1]. 



3. Transference to Rad(X) 

In this section we explain how we can describe 7?.-analyticity of a semigroup in 
terms of holomorphy of an associated semigroup on Rad(X). In our counterexam- 
ples we will always show that holomorphy of this semigroup is violated instead of 
working directly with 7?.-analyticity. 

Definition 3.1 (Associated Semigroup on Rad(X)). Let {T{z))z<=:T, be a holomor- 
phic Co-semigroup on a Banach space X. Given a sequence {qn)n&i C (0, 1), one 
defines the associated semigroup (T(z))2es on the finite Rademacher sums by 

, N s N 

T(z) f ^ r„x„ j := ^ r„r(g„z)a:„ (z e S, iV G N). 

^n=l '' n=l 

For X IE X one often uses the notation r„ ® x for the function uj i— >• rn{uj)x in 
Rad(X). 

Remark 3.2. Let {T{z))zei: be the holomorphic Co-semigroup generated by the 
multiplier —A associated to a sequence (— 7m)meN as in Theorem 12.41 Then for 



6 



STEPHAN FACKLER 



T{z) we have 



N 



N 



N 



T{z) ( ^ a„mr„ (g) em J = ^ rnT{qnz) ( ^ 

= E 



(3.1) 



n,m— 1 



We will only show part (a) of the following transference theorem because the 
converse is not necessary for constructing counterexamples (for a proof of part |(b)| 
see |AB031 Theorem 3.6]). 

Theorem 3.3 (W. Arendt, S. Bu). Let (T{z))zei: be a holomorphic Co -semigroup 
on a Banach space X . Then the following holds: 

(a) // (r(z))^gs is TZ-analytic, then the associated semigroup extends to a 
holomorphic Co-semigroup {'T{z))zei: on Rad(X). Moreover, there exist 
M,(jj > such that 

\\Tiz)\\ < Me'^l^l 

holds independently of the chosen sequence {qn)neN C (0, 1). 

(b) Conversely, if the associated semigroup (T(2;))zeE *s strongly continuous 
and holomorphic for some {qn)neN dense in (0,1), then (T{z))z^s is TZ- 
analytic. 

Proof. For z G S one has 

A V A 



T{z) ( ^ r„x„ j = ^ rnT{qnZ)Xn 



<TZ{T{Xz) : A e (0,1)} 



A' 



Since the finite Rademacher sums are dense in Rad(X), T{z) extends to a bounded 
linear operator on Kad(X). Now let z S S be arbitrary and M be given by M := 
TZ{T{z) : z e S, |z| < 1}. There exist unique n G N, s e [0, 1) such that z = 
(n- + s) jfy. Then for lu — log A/ one has 



lir(z)ii < 







n 




< 

















The strong continuity can easily be checked for finite Rademacher sums and can be 
extended to arbitrary elements of Rad(X) by the local boundedness of z i— > T(z) 
in operator norm. □ 



4. Warm-up: Counterexamples on cq and 

Before we consider counterexamples on general Banach spaces with an uncondi- 
tional basis, we construct counterexamples for the concrete Banach spaces cq and 
They also illustrate our approach. The following elementary lemma will be 
useful in the future and throws light on the special role played by the sequence 
(2™),„gN when used as multiplier sequence. 

Lemma 4.1. The function d{t) — e^'^ * — e^^ ^ * (m G N) possesses a unique 
maximum in [0, 1] at to — ^p^- Moreover, the maximum value d(to) — j is inde- 
pendent of m. 
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4.1. The space cq. Let (em)mGN be the standard unit vector basis of cq. Then 
the summing basis (sm)meN given by Sm '■— X^feLi is a conditional basis of 
Co |AK06l Example 3.1.2]. 

Proposition 4.2. Let (sm)mGN be the summing basis o/cq. Then —A given by 

^ OO OO X 

D{A) = S a; = ^ a^Sm : ^ 2™amSm exists ^ 

^ ni—l m— 1 

(OO \ oo 

^ ^ ^m^7n I — ^ ^ 2 a^jiSfji 
m—1 ' m—1 



generates a holomorphic Co-semigroup {T(z))zi£^^^., that is not TZ-bounded on [0, 1]. 

Proof. Assume that TZ{T{t) : < t < 1} < oo. Then (T{t))t>o is a Cg-semigroup 

on Rad(co). We now consider xn ■— J2m=ii^2m — S2„i-i) (Xi r„i for N & N. Its 
norm in Rad(co) is 



iV „1 iV 

^ (S2m - S2m-l) ® = / ^?'m('^)e2 

m=l "^0 ^^]^ 

One has by ([XT]) 

TV 

r(l)(xA.) = ^ (e-2'"?™S2m - 6-2'"" ' 



did = 1. 



52m-l J 



In particular for the choice q„i — 22°! -^i the first coordinate of the above expression 
in u! is given by — 3: X)m=i Contradictory to our assumption that T{1) is 



1 

'4 

bounded this shows that 



lir(i)(x^)ll > 



1 



N 



m — 1 



doj > -—Vn 



by Khintchine's inequality. So (T(t))(>o is not 7?.-bounded on [0, 1]. 



□ 



4.2. The space Let (e„i)meN denote the standard unit vector basis of Then 
(/m)m,6N givcu by /i = ei and = — em_i for m > 2 is a conditional basis 
for |Sin70[ Example 14.2]. Again this conditional basis can be used to construct 
a counterexample. 

Proposition 4.3. Let (/m)meN be the basis of £^ defined above. Then ~A given 
by 

✓ 00 00 V 

D{A) = \ x= Y o-mfm ■■ Y 2™a>n/m exists \ 

^ m—1 m—1 ^ 

/ 00 \ 00 

A ( ^ ^ dm /m j — ^ ^ 2 Om /m 



generates a holomorphic Co-semigroup {T(z))ze's:„/2 ^^'^^ not TZ-bounded on [0, 1]. 

Proof. One proceeds as in the proof of Proposition 14.21 This time one looks at 
the vector xn = J2n,m.=i^n ® fm = Z]n=i^" ® hi Rad(£i) for e N. By 
Khintchine's inequality, its norm in Rad(^^) is 



N .IN 

^ J^nf^/m = / rn(u;)eAf 

,m=l n=l 



do; = 



£1 



.1 

•^0 „=i 



dw < Cy/N. 
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A short calculation using (|3.ip shows that T{1)xn is given by 

N N N-1 N 

n,m— 1 n— 1 m— 1 n— 1 

Now, a second application of Khintchine's inequality shows that one has 

JV-l „i N 



Tn=l "'0 n=l 

Af-1 .TV si 

ni—l ^n— 1 ^ 



We again choose q„, = ^§lr. By estimating the right hand side, we obtain 

lirdwii > E i = 

m— 1 

As in the last proposition, this shows that (r(t))i>o is not 72.-bounded on [0, 1]. □ 

5. A NEW PROOF OF THE KALTON-LANCIEN THEOREM 

We now consider Banach spaces with an unconditional basis. The following 
notions from geometry of Banach spaces will be useful. 

Definition 5.1 (Equivalence of Bases). Two basic sequences (em)meN and (/m)meN 
on two Banach spaces X and Y are called equivalent if for each sequence (am)meN 
of complex numbers 

oo oo 

amem converges in X if and only if amfm converges in Y. 

m—l m—1 

Notice that if (em)meN is an unconditional basis for a Banach space X, then 
(e^(m))m6N is an unconditional basis for X for all permutations tt : N — >■ N. 

Definition 5.2 (Symmetric Basis). An unconditional basis (em)meN for a Banach 
space X is symmetric if {em)rneN is equivalent to (e7r(m))meN for any permutation 
TT of N. 

Proposition 5.3. Let X be a Banach space with an unconditional, non-symmetric 
normalized Schauder basis (em)mGN- Then there exists a generator —A of a holo- 
morphic Co-semigroup (T(z))ze'ST,/2 '"^ which is not TZ-bounded on [0, 1]. More 
precisely, there exists a Schauder basis {frn)mefi of X such that A is given by 

^ oo oo X 

D{A) = S a; = E ■ E 2™am/m exists [ 

^ m— 1 m—l ^ 

/ oo \ oo 

A I ^ ^ Ojyi fyyi j ^ ^ 2 fljT^ /jt^ . 

\n—l ^ m—l 

Proof. As in the first part of the proof of |Sin70[ Proposition 23.2] one deduces 
from the fact that (em)mGN is non-symmetric that there exists a permutation tt 
of the even numbers such that the unconditional basic sequences {e2m-i)m<£N and 
(e7r(2m)))neN are not equivalent. Exactly as in the proof, both 

, J e„ m odd „ J e,„ + e^(„+i) m odd 

/m = S , and <^ 

|e7r(m)+e„_i m even [ejr(m) m even 
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are Schauder bases of X. Since (e2m-i)meN and {e-,r(2m))m£n are not equivalent, 
there exists a sequence {am)m£'H such that the expansion with respect to the co- 
efficients (am)meN converges for (e2m-i)meN or for (e^(2m))meN but not for both. 
For the rest of the proof we wih assume without loss of generality that the ex- 
pansion converges for (e7r(2m))meN (if not simply replace by in the next 
steps). Let /,„ := We now define A as in the statement of the proposition. 
By Theorem 12.41 —A generates a holomorphic semigroup (T(z))2gs„/2- Assume 
that {T{t))t>Q is 7?.-bounded on [0, 1]. Then for each choice of (q„)„gN C (0, 1) the 
associated semigroup (T(t))t>o - as defined in Definition 13.11 - is a (holomorphic) 
Co-semigroup on Rad(X) by Theoreml3.tjl^a)[ We now show that 



E 



(5.1) 



converges in Rad(X). Indeed, for fixed lo G [0, 1] the series X]m=i o.m'f'm{'^)s-,T(2m) 
converges by the unconditionality of (e^(2m))meN as rm(w) G { — 1,1} for every 
m £ N. Hence, the above series defines a measurable function as the pointwise 
limit of measurable functions. Moreover, if K denotes the unconditional constant 
of (e^(2m))meNj One has for each w G [0, 1] 



(2m) 



m— 1 



< K 



m—1 



(5.2) 



This shows that the series (|5.ip is in L^{[0, 1]; X). Using an analogous estimate as 
(j5.2p . one sees that the sequence of partial sums X]m=i o,m&TT(2m) ® converges 
to Z]m=i ame7r(2m) '"m in Rad(X). Notice that e^(2„) = /2m - /2m-i- By the 
continuity of T(l), we obtain from p.ip that 



h — T(l) ( ^ am{f2m - /2m-l) ® r 

'"ame^(2m) <8) -I- am(e"^ 



N 



m—1 

TV 

lim Om 



-2^"q„ 



m—1 

N 



lim > 



)e2m-l 



exists in Rad(X). Now choose q„i — as discussed in Lemma BTTl Then after 



choosing a subsequence (A^fc) there exists a set C [0, 1] of measure zero such that 

> h{uj) for all Lu G N^' . (5.3) 

k—¥oo 



(w)e2m-l) 



Applying the coordinate functionals for (e,„)mgN to (|5.3p shows that for oj G 
the unique coefficients (ej^(ft,(w))) of the expansion of h{uj) with respect to {em)meN 
satisfy e2m_i{h{u!)) = — ^rm(w). Since {em)meN is unconditional, 
00 00 

am'"m(w)e2m-i and therefore ame2m-i converge. 

m — 1 m—1 

This contradicts our assumptions and {T(t))t>o cannot be 7?.-bounded on [0, 1]. □ 

Remark 5.4. Notice that in the spaces L^([0, 1]) {p G (l,oo) \ {2}) every uncon- 
ditional basis is non-symmetric |Sin70[ Theorem 21.1]. So the above construction 
in particular works for the normalized Haar basis. 
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The next proposition originally due to J. Lindenstrauss & M. Zippin |LZ69[ Note 
(1) at the end] shows that the above result is applicable to almost all Banach spaces 
with an unconditional basis. We only present a sketch of the proof from [McA72l 
Theorem 7.6] to show a link to the next section. 

Proposition 5.5 (Existence of non-symmetric Bases). Let X be a Banach space 
with an unconditional basis. If X is not isomorphic to Cq,£^ or , then X has a 
normalized unconditional, non-symmetric basis. 

Proof. Assume that every normalized unconditional Schauder basis for X is sym- 
metric. Let (em)m6N be a normalized unconditional, hence symmetric, basis for 
X . Then it can be shown that {em)meN is equivalent to all of its normalized block 
basic sequences, i.e. (em)mGN is perfectly homogeneous. By a famous theorem of 
M. Zippin |iAK06[ Theorem 9.1.8], X is isomorphic to cq or for 1 < p < oo. 
However, we will see in Section [S] the well-known result that for p £ (l,oo) \ {2} 
the spaces £p have a non-symmetric, unconditional Schauder basis. □ 

Remark 5.6. Conversely, all normalized unconditional bases in the spaces Cq, £^ 
or i'^ are symmetric for the simple reason that all normalized unconditional bases 
in these spaces are unique up to equivalence |LT771 Theorem 2.b.l0]. 

Now. the main result of this section is an easy consequence. 

Theorem 5.7 (Kalton-Lancien Revisited). Let X be a Banach space with an un- 
conditional basis. Assume that X has (MRP). Then X ~ More precisely, for 
X ^ there exists a Schauder basis {fm)meti for X such that —A given by 

^ oo oo 

D{A) = S a; = ^ flm/m : ^ 2'"a,„/,„ exists 

^ m—l m—1 

/ oo \ oo 

A{ ^ ^ drnfm j — ^ ^ '^"^O.mfm 
^m— 1 ^ m—1 

generates a holomorphic Co-semigroup {T{z))ze's^^2 '"^ ^^'^^ ^''^ TZ-bounded 
on [0, 1] and in particular does not have maximal regularity. 

Proof. If X is not isomorphic to cq or Proposition 1 5 . 51 shows that we can apply 
Proposition 15 . 31 which yields the desired counterexample. In the cases of X ~ cq or 
X ~ £^ we showed the theorem by hand in Proposition 221 and Proposition 231 O 

6. Counterexamples on LP-spaces 

In this section we want to show that the property of having maximal regularity 
does not extrapolate. In particular, we construct consistent semigroups (Tp{t))t>o 
on LP for p € (l,oo) with the following properties: {T2(t))t>Q and therefore all 
(Tp{t))t>o are holomorphic but {Tp(t))t>Q has maximal regularity if and only if 
p = 2. This is done by using a concrete non-symmetric basis for for which 
the general results of Section [S] apply. The basis is obtained from a non-standard 
representation of the space £p using the following construction. 

Definition 6.1. Let (X„)„gN be a sequence of Banach spaces. Then for p E [1, oo) 

the £P-sum ®"pX„ of (Xn) is given by 

i/p 



^ n— 1 n— 1 ^ ^n— 1 



The following result is due to Pelczyhski |PeI60| . We give a full proof because 
in what follows we will need that the isomorphisms defined below are natural. We 
denote by £\ the space R" endowed with the euclidian norm. 
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Proposition 6.2. For p E (l,oo) let Xp ®"p^^- Then Xp is isomorphic to £p . 
Moreover, the isomorphisms ip : Xp — > £p are natural, i.e. the following diagram 
commutes 



Xp n Xq Xp n Xq 



k=l 



Proof. We follow the presentation in |Sin70[ Theorem 18.3]. By Khintchine's in- 
equality, for p £ (1, oo) there exists a constant Cp > such that 

n ^ 1/2 

'^rk{uj)ak duj\ <Cpiy] \ak\ 
k=i ' ^fc=i 

for all n G N and ai, . . . ,a„ e C. Hence, the spaces are uniformly isomorphic 
to the spaces 7?„ spanned by the first n Rademacher functions. Furthermore, i?„ 
is a subspace of the space Gn spanned by the indicator functions lr_^ fc+ii for 
/c = 0, ... 2" — 1. One has a canonical isometric isomorphism Gn ~ P^^- Hence, by 
the uniform bound on the isomorphisms l\ ~ i?„ one obtains 

Moreover, one sees that all the above mappings are natural. Since the Rademacher 
projections are uniformly bounded, ®£pin is complemented as a subspace of £p. We 
now use Pelczynski's decomposition technique to show that Xp is even isomorphic 
to £P. For this notice that Fp := \e (k-i)k ^ ^]keN is a complemented subspace of Xp 
isomorphic to i^. One therefore has natural isomorphisms 

Xp~ Fp® Ep and F ~ Yp. 
Now, using the decomposition technique, we obtain 

eP~Xp®Yp~ {Fp Ep) ®Yp~ {IP Ep) ®Yp^£P® {Ep Yp) 
~ {®7p£P) {Ep Yp) ~ 0^p {Xp Yp) {Ep Yp) 
— (^£pXp^ © (©^pY^) © Ep © Yp — (©^p^p) © (©£p^) © Ep 
^£P ®Ep'^Fp®Ep'^Xp. 
Again, one sees that all isomorphisms are natural in the sense of the assertion. □ 

Now, observe that the canonical basis oi Xp is unconditional. For p e (1, oo)\{2} 
it is not equivalent to the standard basis of iP . For 1 < p < 2 consider the sequence 

Xk = -^/^ for k = — hi,..., ^ ^^2^^'' ^ ^) ^'^'^ = in any other case. 

Then one has X^fcLi \^k\^ = Yl^=i = 00, but 



K^kWxP 



\, - ^(2"(i-f )f /2 = 2"(f-i) < 00 as p < 2. 



In the case 2 < p < 00 let {xk)k&k be the sequence obtained by inserting the 



sequence (-i=)fcgN into the set U^f^ + 1^ T\verL J2T=i 



2"(2''+l) 2 



J^kLi ^ < 00 as p > 2. However, one has (2"-i)2" l^^fcl > ^ by the well- 
known argument for the divergence of the harmonic series. Hence, ~ 
Since the canonical basis (em)meN of Xp is not equivalent to the standard basis 
of £P (for p G {1,00) \ {2}), the general theory shows that (em)meN cannot be 
symmetric |Sin70[ Proposition 21.5]. More easily, choose 7r(2m) — (™~^)"' -|_ 1 and 
use successively 7r(2m + 1) to fill up the rest. Then [e7r(2m)]meN is isometrically 
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isomorphic to and versions of the counterexamples above show that (e^(2»n))m6N 
is not equivalent to (e2m)meN- Note that one sees directly that X2 is isometrically 
isomorphic to l"^ and that the canonical basis of X2 is equivalent to the standard 
Hilbert space basis of 

One can now use Proposition 15.31 to obtain a counterexample on P for p G 
(1, 00) \ {2}. However, we want to do more: we want to define a consistent family 
of counterexamples on the ^''-scale {p G (1, 00) \ {2}) together with a holomorphic 
semigroup on P in order to show that maximal regularity does not extrapolate. 
For this it is necessary to find explicitly the permutation used in the proof of 
Proposition 15 . 31 and to determine which of the two bases and one has to use. 
A detailed study for is done in the next proposition. 

Proposition 6.3. Let (em)meN be the canonical basis of Xp (p G (l,oo)). Then 
there exists a permutation tt of the even numbers such that 

(a) /4i is conditional for p £ (2, 00). 

(b) is unconditional for p ^ (li2]. 

Proof. We start with the definition of the permutation tt of the even numbers. 
Let &0) bi,b2, ■ ■ ■ be the first even numbers in the blocks Bk '■= [ii-^ii^ _|_ Hk+i) j 
{k e N), so 60 = 2, &i = 4, 62 = 8, 63 = 12, 64 = 16, 65 22, &6 = 30 and so on. 
Now, we define 

{m m odd 

bk m — Ak + 2 

min2N\ ({6„ : n e N} U 7r([l, to - 1])) to = 4fc. 

The permutation tt jumps to the front even number of some block given by some bk 
in every second permutation step of the even numbers and collects all other even 
numbers in the other steps. Notice that a sequence of the form (ai, 0, 02, 0, 03, 0, . . .) 
converges with respect to (e7r(2m))mGN if and only if (om)mGN € This observa- 
tion together with a slight modification of the above counterexamples shows that 
(e^(2m))meN IS uot equivalent to {e2m+i)meN- By the abstract result in Proposi- 
tion l5.3l we know that either (/^)„jgn or (/^)mGN can be used to construct a coun- 
terexample. More precisely, the above counterexamples show that for p G (2, 00) 
there exists a sequence (am)meN which converges with respect to (e^(2m)))neN but 
not with respect to (e2m-i-i)mGN- Thus in the case p G (2, 00) one can use (/,'„)meN 
to construct a counterexample. Hence by Theorem 12.51 (/,'„)meN is a conditional 
basis for Xp (p G (2, 00)). 

It remains to show that (/4i)mGN is unconditional for p G (1,2]. For this as- 
sume that J2m=i '^rnf'm couvcrgcs. We have to show that X]m=i ^mO-mfm con- 
verges for any choice of signs (em)meN G Obviously, the even part 
Sm=i £2ma2me7r(2m) convcrges as there is no interference between two different 
components of (em)meN- For the odd part we have to check the convergence of the 
series 

p/2s l/p / °° / \P/2\l/p 



00 

El 

/ odd / odd 



^ |£;a/ +e/+ia;+in j < ( X! ( E + "'+1 H ) 

= 1 HeBk ' ' ^fe=l ^/G-Bfc ' ^ 



_ p/2^ 1/p 



k=l HeB, 



odd 

The first term converges by assumption. Again, we split the second term. First 
notice that (a4m-i-2)mGN S i^. Observe that for p < 2 we have the inclusion £p ^ £^ 
which yields £''' =-> ®"p£^. From this inclusion we deduce that the part of the second 



KALTON-LANCIEN REVISITED: MAXIMAL REGULARITY DOES NOT EXTRAPOLATE 13 



term where I runs over the numbers I with 1 + 1 = 2 mod 4 converges. Finally, we 
have to show that the part of the second term where I runs over the numbers with 
Z + 1 = mod 4 converges. This part is built from the convergent series 



m—1 

by inserting zeros. The following lemma shows that this procedure does not destroy 
the convergence and finishes the proof. □ 

Let {am)meti be a sequence and {bm) = (0, . . . , 0, ai, 0, . . . , 0, a2, . . .) be a se- 
quence built from {am)meK by inserting zeros. We then denote by Pos k the position 
of the fc-th entry ak of {am)meN in the sequence {bm)meN and let PosO := 0. 

Lemma 6.4. Let {am)mGN & ®ep^n let {bm)meN be a sequence built from 

{0"ni)mefi by inserting zeros. Suppose 

sup Pos{N) - Pos{N - 1) < 00. 
Then {bm)meN € ®"p-^^ as well. 

Proof. By assumption, there exists an M € N such that Pos(n) — Pos(n — 1) < M 
for all n E N. We start with estimating the square sum of (fem)meN over a block 
which contains a fixed at- So let fc S N and choose the minimal n G N such that 
k < . Inductively, we obtain Pos{k) < Mk. Further 

Mk < m'^^!^±^ < l^Mn + mVM^{n + l) + l) 
- 2 - 2 

Hence, when calculating the norm of {bm)rneN the entry Ok is in a block of size 
at least (a/M + l)(n + 1). Consequently, we have for k big enough 

\ 1/2 / N 1/2 / X 1/2 

E^O ^( E H^) ^ E (en' 

l^^m. i£[fe_(yM+i)(„+i), pg[„_2(yM+l), leBp 

fc+(VM+l)(n+l)] n-|-2(V^+l)] 

p/2x 1/p 

<cm( e (Ei«^i' 

pG[n-2{VM-\-l), ^^-Sp 
n 

where Cm is a constant only depending on M. So the convergence of the series 

Y^m=i {^leB l^'l^) shown if one can give a uniform upper bound on the 

number of times a fixed block Bp^ occurs when one does the above estimate for all 
m e N. One sees from the above inequality that the block Bp^ can only occur on 
the right hand side if 



Po e [n - 2{VM + 1), n + 2(VM + 1)]. 
Obviously, this can only happen for + 5 different choices of n. For a fixed 

— l)n I -| n(n+ 
'2 ^ 2~ 



n G N there are n different choices of k with k € j (!L_i)li ^ Iii!Ltii] ^ Choose to € N 



such that Pos( ^" + 1) S Bm- Then m > n. Consequently, every later block 
contains at least [-^^J entries of the sequence {ak)keN- This ensures that for n big 
enough [Pos + 1, Pos liil^tli] is contained in the union of at most, say 2M, 

of the blocks Bm- Hence, < oo. □ 



Now, we can give the first result on non-extrapolation of maximal regularity. 
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Theorem 6.5. There exist consistent holomorphic Cq- semigroups {Tp{z))z£T.^/2 
on £P forp G (l,oo) such that {Tp{z))zeJ:^/2 ^'^^ maximal regularity for p g (1,2] 
and does not have maximal regularity for p G (2, oo). 

Proof. Let (em)meN be the canonical basis of Xp. Using the same notation as 
before, we define the closed operator Ap (I]m=i «m/m) = Z)m=i '^'^'^rnf'm- Theo- 
rem [53] together with Propositions 15.31 and 16.31 show that the operators —Ap gen- 
erate consistent holomorphic semigroups {Sp{z))z£T.^/2 on Xp which have maximal 
regularity for p G (1, 2] and do not have maximal regularity for p G (2,oo). Now 
define Tp{z) := ip o Sp{z) o i^^ g C{P') for z G where ip is the isomorphism 

between Xp and P' given in Proposition 16.21 Clearly, {Tp[z))zeT.„/2 maximal 
regularity if and only if {Sp{z))z£T.^/2 maximal regularity. Since the isomor- 
phisms are natural, the so defined Co-semigroups (Tp(z))zgs^^2 *re also consistent 
and give the desired counterexample. □ 

Remark 6.6. Using duality |KW04[ Corollary 2.11], we obtain a family of con- 
sistent holomorphic Co-semigroups {Sp{z))zeT,^/-, on (P for p G (l,oo) which have 
maximal regularity for p G [2, oo) and do not have maximal regularity for p G (1,2). 

We can now easily modify our counterexamples in the following form and obtain 
the main result of this section. 

Corollary 6.7. There exist consistent holomorphic Co-semigroups {Rp{z))zei:^/2 
on £P for p G (l,oo) such that {Rp{z))ze^„/2 maximal regularity iff p = 2. 

Proof. Choose (Tp(2;))zgE,/2 ^"^^ {Sp{z))zes^/2 Theorem 16.51 and Remark I^TBl 
Now decompose = (B P' as topological direct sums of two copies of the space 
in a consistent way for all p G (l,oo), for example by splitting the odd and even 
items. Then the semigroups defined by Rp{z) :— Tp{z) ® Sp{z) are the desired 
counterexample. □ 

Remark 6.8. If one prefers LP(R) to the sequence space P ^ one can do the follow- 
ing: Use the conditional expectation with respect to the cr-algebra generated by the 
intervals of the form [n, n-|-l] for n G N to decompose L''(R) in a consistent way into 
the topological direct sums Lp(R) = 1^ ® Then Id©i?p(z) for (i?p(z))zgs,/2 as 
in Corollarv l6.7l is a counterexample on Lp(R). If 17 C M'' is an arbitrary non-empty 
open set, then LP(K) ~ LP(f7), so one obtains a counterexample on L'p{^). 



In this section we show that our methods also directly give examples of bases 
that are not 7?.-bases. Let (em)meN be a Schauder basis for a Banacli space X. 
Then one can define projections Pn : X ^ X {N G N) by 



It follows from the uniform boundedness principle that the projections are always 
uniformly bounded in operator norm [AK06[ Proposition 1.1.4]. This motivates the 
following definition. 

Definition 7.1. A Schauder basis (em)meN is called an TZ-basis if the set {P/v : 
G N} of projections is 7^-bounded. 

One can show that each unconditional basis on a UMD-space (this actually holds 
for spaces with property (A) |KW01[ Theorem 3.3 (4)]) is an 7?,-basis, in particular 
this holds for L^-spaces for 1 < p < oo. 



7. Schauder bases that are not 7?.-bases 
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Theorem 7.2. Let X be a Banach space that admits an unconditional, non- 
symmetric normalized Schauder basis {em,)m&i- Then there exists a Schauder basis 
for X that is not an TZ-basis. 

Proof. As in the proof of Proposition 15.31 we choose respectively /,". Again, we 
only consider the case of Suppose that (/^)mgN is an 72.-basis and let (P/v)iVGN 
be the associated projections. Then J2m=i ''m^m '"^ Sm=i ^mPmXm extends to a 
bounded operator P E C{Ra.d{X)) . In particular, we have 

N N N 

~ ^ ] fm<lmS-2m-l — ~ ^ ^ ^mO'mf27n-l ~ ^ ] fmO'raP2m-l{f2in ~ /2m-l) 
m— 1 m— 1 m— 1 

N 

— ^ ^ '^m(^mP2m—1^7T{2m) ■ 
m— 1 

The boundedness of P implies that the left hand side converges in Rad(X) whenever 
Sm=i ^rnO'm&TT(2m) convcrgcs, which cxactly as in the proof of Proposition l5 . 31 vields 
a contradiction. □ 

In particular, this applies for the spaces i^([0, 1]) (1 < p 7^ 2 < 00) and answers 
an open problem stated at the end of |KLM10| . 
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